International Journal of Theoretical Physics, Vol. 5, No. 6 (1972), pp. 429-436

Eikonal Approach to Scattering from Coated
Perfect Conductors in a Spinor Formalism

RONALD ROCKMORET]
The RAND Corporation, Santa Monica, California 90406

Received: 19 July 1971

Abstract

The eikonal approach is applied to the problem of the scattering of electromagnetic
waves from an excluded volume in the presence of a weak external potential, The scattering
of electromagnetic waves is treated in the spinor formalism previously developed by the
author. The excluded volume is eventually taken to be a perfectly conducting cone, the
external potential a coating of thickness 3, with complex dielectric constant ¢’, and
permeability p (tacitly assumed equal to 1). It is shown that to order (N — 1), where
N = (¢’ )'"?, the eikonal approach in the spinor formalism yields results equivalent to
those obtained from the vector theory of Uberall in the particular case of nose-on
backscattering, using the eikonal function corresponding to ‘straight-line propagation’.

1. Introduction

It was shown in an earlier paper (Rockmore, 1966) that the problem of
the scattering of high-frequency electromagnetic waves by weak dielectric
bodies [in the eikonal approximation due to Glauber (Baker, 1964)] could
be handled rather elegantly in a spinor formulation of the electromagnetic
field. Indeed a number of complications encountered in the application of
Saxon-Schiff (Uberall, 1962) theory to the vector wave equation for, say E,

(V2 +K)E=VYV-E+ (1 - p)KE—p'Vpx (VxE), (1)

were easily avoided in the eikonal approximation to the corresponding
- spinor wave equation,

(7 — k)= kU (1.2)

1 Permanent address: Physics Department, Rutgers University, New Brunswick, New
Jersey 08903.

1 Any views expressed in this paper are those of the author. They should not be
interpreted as reflecting the views of The RAND Corporation or the official opinion or
policy of any of its governmental or private research sponsors. Papers are reproduced by
The RAND Corporation as a courtesy to members of its staff.

Copyright © 1972 Plenum Publishing Company Limited. No part of this publication may be reproduced,
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photo-~

copying, microfilming, recording or otherwise, without written permission of Plenum Publishing Company
Limited.
429



430 RONALD ROCKMORE

where '
-] 13
with
7=p;s(=iV) (1.4)
and
U=—[l =3 +w]+ps3(e —p) (1.5

using the notation of Rockmore (1966).

Since the Saxon—Schiff method has also been the basis for the development
by Uberall (1964) of an approximation method for calculating the diffraction
of electromagnetic waves in a situation where perfect conductors and weak
scatterers (whose complex dielectric constant €' and permeability p have
magnitudes near unity) are present simultaneously, i.e. the problem of the
scattering from coated perfect conductors, it may be of some interest to
extend the spinor formalism to this case as well. For definiteness and in
order to compare with the work of Uberall (1964) we also treat the semi-
infinite, perfectly conducting and uniformly coated cone. [Moreover, for
simplicity, our discussion is limited to the eikonal function corresponding
to ‘straight-line propagation,’ (Uberall, 1964) and to nose-on backscat-
tering.] As there are no exact results with which to compare as in Rockmore
(1966), we will emphasize the formal aspects of the problem (Section 2) and
be content to exhibit the equivalence of the two approaches to order
(N — 1) (both in the amplitude and in the rapidly varying exponentials),

2. Green’s Theorem for the “Excluded Volume’ in the Spinor Formalism

In order to treat the scattering of electromagnetic waves in the spinor
formalism in the situation outlined above, we take for the eikonal Green’s
function,

G, ) =[p + k(9 ~p* + k)] @rlr —1'|)7!
dskV(r’ + ms)] @1

-1’}
X exp[iklr—r’| +i f
0

r=r]

where
Ve=13tr U 2.2)

G, 1) satisfies the spinor equation,
(7 - B FP@r) =@~ k) FP%0r)
=[(VS)? - k2 —i|r— |2V -(r — | 2V FP(x, 1)
43 —1) 2.3)
with F{P(r,x) defined by
GO, 1) =[p+k(p* —p* + EH] F{O,x') 249
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and S(r,r") by

Jr-r’]
¢-r)
SEy)=kjr~v'|+ dskV(r’ + ; s) 2.5
] =

Since
(r—K) 9P, r) = {{FP0, )] (p7 — )}
=~ ({FPE N (7 + k)T @.6)
where T denotes matrix transpose, Green’s theorem takes the form here,

J 192 @ 00 (5 — DYEPE) + [FPE I B+ R YP0)
! _
— [ G E U@ YPE — $E)
9
~ [ drlUS? — k2 — il = PV (r =¥ [PV FPOE D HPE) 27)
a9

and leads to the integral equation for the spinor wave function y{¥(r"),

P2 = [ dlG 0O KU Y20)
17
— [ &l(VS)? - k2 = i = X2V (r — |2 VS)] FPE, 1) $50)
2

ti [ SEPEOI Y0 (28)
Sou+isz, Jj
where it is already assumed that the domain & is divided into sub-domains
9, (i =0,1,2) with discontinuous values of €', x asin Ref. 5. Then S;; is that
surface between Z; and &; bounding %, with unit normal #; pointing into
L7
JSome additional reduction of equation (2.8) is necessary before we can
focus our attention on the specific problem of the nose-on backscattering
from a semi-infinite, perfectly conducting cone (see Fig. 1) of half-opening
angle 0, and thus make contact with the results of Uberall (1964). Thus,

i [ dSIZEE T ()
S
i f dS[9P @, )] nu(ky) exp (iko-r)
Sw
—> —ik f dSL explikr +i T dskV (' - As){(n — u?)
i 47y 2

x nu(kg) exp (kg 1 — ikii-1") 2.9
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where u(ko) = [-iEy/H,] and it is natural to write,

iE, iE.(ky, k)] exp (ikr)
¢(+)(r) -——~>[ H, }exp(zko r) +[ 0k, K } p
_ v
e
Region ‘0’ - -~

Region "1’

Figure 1.—The semi-infinite, perfectly conducting cone of half-opening angle § (region

2%, with coating of thickness & characterized by complex dielectric constant € and

permeability p (region ‘1°). The unit normal to the cone, #, is also the unit normal, n“
Region ‘0’ is free space (¢" = p=1).

Since Kou(ky) = knyu(ke) = ku(k,), the surface integral at infinity reduces
to

f asigPa,v)]" mh{P(x) — exp (i T dskV ' — g s)) u(ko) exp (iky 1)

(2.10)
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In the case of the coated, perfectly conducting cone (Fig. 1), one has
—iE,,

e =| 2] = 1520) - ey exp k)

=i [ dSIgPET)T )

So1+S10+S12

+ [ drl @@, T KU D)

£ 14

+ [ drFPE ) (VSY - 2 =il = 1PV = 1 [2VS)]$60(0)

@2.11)

and introducing one common unit normal 72 to all cone surfaces, assumed to
point away from the body of the cone, one may write the contribution from
the surface integrals of expression (2.11) as

Surface contribution

=i [ dSIZEP6E T PO oussae
Soy o
+ [ dSIFPE O MY O instae
So1

—i | dSTZLRE )T nl O hnstae 212)

S12

For the reasons given earlier we content ourselves with the demonstration
of the equivalence of the two eikonal approaches in this problem to order
(N — 1) (both in the amplitude and the rapidly varying exponentials) for the
case of nose-on backscattering (k = —ko). Uberall’s (1964) result, with
which we are to compare, is

H,, () = —(dmr') L exp (ikr”) {—‘ f dS[(#A x H). x Vexp [i(ky-r + 8;)]

Sot

+exp[i(kor + 8)1A x (V x H) + k72 [ x (V x H)]

UV exp i (ko1 + 80) loucsiae + | dSI(E x H)
So1

X VCXp [i(kO'r + 80) + eXP [l'-(k(,‘l' + 80)]ﬁ X (v X H)]]insi’de
- f dS(A x H) x Vexp [i(ko+r + 85)]

S12

+ j - drHVV exp[i(ko t + 3(,')]} (2.13)
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where we have dropped the term,
(4mr’y Lexp (ikr”)
f drexp [{(kg-r + 8o) | H[(K — k)? + exp (—i8g) V2 exp (i5)]
Vi

with K = kN = k(¢’ n)'/2, which is patently of order (N — 1)
8o(r) =f [K(r — Aio.5) — kds = k(N — 1) (z + Scsc 0 — pcot §)
1]
and

Véy =—#Ak(N — 1)cscd
[We add that it is tacitly assumed in Uberall (1964) that x = 1 and we shall
do so as well. Thus, for us,
Vil = 3¢ + ] =32~ ~» N—1

to order (N — 1).] In comparing with the lower half of the spinor (),
which is H;, (), we find the relations,

b[ll;]i:] - [’:’ = 11;1] (2.14a)
ab [iHE] - [%%%] (2.14b)

useful. We first consider the lower components of the volume integrals of
our result, equation (2.11),

Volume contribution = J, +J, (2.15a)
with
J, = f dr[F P, )T kUE) 450 (2.15b)
Vi
and

Jy= [ drFO ) (V) — 2 = ile = X2V (r = | 2 V)]0

(2.15¢)
J, yields asymptotically
exp (tkr’ . ,
5> T2 [ i exp lika r + 801 2K°[1 — &'+ )] P @
¥y
(2.16)
with lower component,

Urorcomn. > 5 [ drexplitea-r + 89131~ YH' 2.17)
14!
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where E and H' are values of E and H inside the coating. J, is asymptotically
given by

2 f drexp [i(ko-r + 3)] [if? TS LF LB kz)]
¥se0 4ap %
V1
X k({1 = 3(' + ]+ py 3 — ) B Oinstae (218)
which simplifies to

exp (zkr 9 —iE’

Ji—

fd'rexp lilkg: r+80)}z¥’k(e — 1){ ] (2.19)

on setting p =1 exphcltly. Additional manipulation involving Maxwell’s
equations yields

Ji—> ?ﬁ—(l@( fdfexp[i(kO'r+80)}k2(1 - W
(s ¥y
+ [ dSexplitkoer +80)]k(e' — 1) E) (2.20)
So1
so that
Iy + Ty — exﬁfrk," ) f dSexp [i(ko T + Sp)[k(e' — DiA x B (2.21)

Spy

Next, it is easy to show that the lower components of the surface integral
over S,

L —s %’2 f AS{ky + enesc B[l — 3(e’ + w)T} exp [iko- -+ 80)]

Lesv) s12

. X n [‘bﬁz‘)(r)]inside (2“22)
give

exp (1kr 9]

f dS{(A x H) x Vexp[i(ko-r + 8o} (2.23)

512
The other surface integrals,

Ly+Ly=—i f dS[Z{P(r,1')] n{[¢(+)(r)]outside - [Hb;c:)(r)]inside} (2.24)
So1

yield asymptotically,

(LB)lowet comp.

L+L,—> z_el(%’z.'__l’cr) f dSexp [i(ko+r + 8p)] {—kncsc 0[1 — 4(e' + p)]

So1
-+ (Ko + ko) csc O[1 — 3(& + )] — 2f-koese B[1 — 3¢’ + T}
X n[‘l‘;c:)(r)]inside (2.25)

28
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with lower components,

(Ll + LZ)lower comp, fg)'({i;(;l‘lf‘g f dS{—(ﬁ X H') x VU — l[ﬁ X (V X H)]
So1
'ﬁo Vao} exp [i(ko T+ 80)] (2.26)

Agreement between the two approaches to order (N — 1) is then finally
attained by applying Gauss’ theorem and Maxwell’s equations to Uberall’s
(1964) volume integral

—(dar’y L exp (k") f drH-VUV exp [i(ko T + 8p)
"1

transforming it into

—(4mr") exp (ikr") f dSi-[(V x H) x VV]k2exp [i(koT + 8o)]

So1
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